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1 Introduction 



Let ^ be a completely rational conformal net (cf. §2 and (2.3) following [16]). Let 
r be a finite group acting properly on A (cf. definition (2.1)). The starting point 
of this paper is Th. 2.4 proved in [25] which states that the fixed point subnet (the 
orbifold) is also completely rational, and by [16] A^ has finitely many irreducible 
representations which are divided into two classes: the ones that are obtained from the 
restrictions of a representation of A to A^ which are called untwisted representations, 
and the ones which are twisted. It follows from Th. 2.4 that twisted representation 
of A^ always exists if A^ ^ A. The motivating question for this paper is how to 
construct these twisted representations of AF . 

It turns out that all representations of AF are closely related to the solitons of A. 
In [15], we construct solitons for the afiine and permutation orbifolds. In this paper, 
we give a construction of solitons for the case of conformal nets associated with posi- 
tive definite even lattices and isomteries of the lattices. We note that conformal nets 
associated with special lattices have appeared before in §3 of [26] and more recently 
in [17]. Our solitons correspond to "twisted representations" of the corresponding 
vertex operator algebras (VOAs), and such twisted representations have been stud- 
ied in [18], [10], [11], [7], [8] and more recently [2]. We will show that these twisted 
representations in the VOA sense indeed give rise to sohtons (cf. Definition 4.24 and 
Prop. 4.25). Compared to the constructions of [15], the notable difference is that the 
twisted representations are not related to the untwisted representations in a simple 
way as in the affine and permutation orbifolds: in the later cases twisted representa- 
tions are constructed on the same spaces as that of untwisted representations, only 
with a "twisted" action, while in the cases of lattices the spaces are different. Hence 
it is nontrivial to show that in the cases of lattices these twisted representations in 
the VOA sense indeed give rise to solitons. Such questions were already encountered 
in [24] when the lattice has rank one, and were solved by identifying the orbifolds 
as special cosets in [26]. However this method of [24] does not work for general lat- 
tices. Our solution to this question consists of two steps. First we show that if the 
inner product on the lattice has some integral property, the question can be solved 
(cf. Prop. 4.8) by using a covering homorphism (cf. Prop. 4.6). For general lattice 
Q, we choose a sublatticc P G Q with finite index such that the restriction of the 
inner product from Q to P has the desired integral property as in the first step. By 
exploiting the related group structures (cf. Lemma 4.23) and results from the first 
step, we then give Definition 4.24 and show that they have the right properties in 
Prop. 4.25. 

To show that these solitons give rise to all irreducible representations of the orb- 
ifolds, we use the same strategy as in [15] which is to compute the index of solitons 
and use Th. 2.4. Here we make use of the large group of (local) automorphisms (cf. 
Definition 3.13) of the conformal nets associated with the lattices, and an exhaustion 
trick (cf. the paragraph before Th. 4.30) to prove Th. 4.30. Th. 4.30 is the main 
result of this paper: it gives a list of all irreducible representations of the orbifold 
from solitons, and they generate a unitary modular tensor category (cf. [22]). We 
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expect that this result will have applications in many concrete examples, and we plan 
to address such applications in the future. 

The rest of the paper is organized briefly as follows: after introducing basic notions 
such as conformal nets, their representations, complete rationality, orbifolds and soli- 
tons in §2, we consider conformal nets associated with positive definite even lattices in 
§3. The main result in §3 is Cor. 3.19. In §4 we consider the constructions of solitons. 
As mentioned above we do this in two steps: the first construction in a special case is 
given in Definition 4.7 and its properties are studied in Prop. 4.8, Prop. 4.10, Prop. 
4.13, Prop. 4.16; the general case is considered in subsection 4.1 where Th. 4.30 is 
proved. 

2 Preliminaries 

In this section we review some basic concepts of conformal nets which will be used. 
See §2 and §3 of [15] for a more detailed review. 

2.1 Conformal nets 

We denote by X the family of proper open intervals of -S"^. A net A of von Neumann 
algebras on is a map 

I el^A{I) c B{H) 
from X to von Neumann algebras on a fixed Hilbert space Ti. that satisfies: 

A. Isotony. If h C h belong to X, then 

li E C is any region, we shall put A{E) = \/ j^^^^^A{I) with A{E) = C ii E has 
empty interior (the symbol V denotes the von Neumann algebra generated). 
The net A is called local if it satisfies: 

B. Locality. If /i, /2 G X and /i fl /2 = then 

[A{hlA{h)\ 

where brackets denote the commutator. 

The net A is called Mobius covariant if in addition satisfies the following properties 
C,D,E,F: 

C. Mobius covariance. There exists a strongly continuous unitary representation 
U of the Mobius group G on 7i such that 

U{g)A{r)U{gy = A{gl), geG, leX. 

Note that this implies A{I) = A{I), / G X (consider a sequence of elements 
gn & G converging to the identity such that gnl y I)- 



= {0}, 



3 



D. Positivity of the energy. The generator of the one-parameter rotation subgroup 
of U (conformal Hamiltonian) is positive. 

E. Existence of the vacuum. There exists a unit [/-invariant vector Q e 7^ (vacuum 
vector), and is cychc for the von Neumann algebra \/j^j-A{I). 

By the Reeh-Schheder theorem Q is cychc and separating for every fixed A{I). The 
modular objects associated with {A{I), fi) have a geometric meaning 

A^* = C/(A,(27ri), Ji^Uin) . 

Here A/ is a canonical one-parameter subgroup of G and U (r/) is a antiunitary acting 
geometrically on ^ as a reflection rj on S^. 
This imply Haag duality: 

A(iy^A(I'), I el, 
where /' is the interior of 5"^ \ /. 

F. Irreducibility. \/j^jA{I) = B{7i). Indeed A is irreducible iff fl is the unique 
[/-invariant vector (up to scalar multiples). Also A is irreducible iff the local 
von Neumann algebras A{I) are factors. In this case they are Illi-factors in 
Connes classification of type III factors (unless A{I) — C identically). 

By a conformal net (or diffeomorphism covariant net) A we shall mean a Mobius 
covariant net such that the following holds: 

G. Conformal covariance. There exists a projective unitary representation U of 
Diff(S'^) on Ti extending the unitary representation of PSU{1, 1) such that for 
all / e X we have 

U{g)A{I)U{gY = A{gl), g e Dm{S'), 
U{g)xU{gy ^ X, xe A{I), g e Diff(/'), 

where Diff(5'^) denotes the group of smooth, positively oriented diffeomorphism of 

and Diff(7) the subgroup of diffeomorphisms g such that g{z) — z for all z e 
A (DHR) representation tt of ^ on a Hilbert space ?i is a map / G X i— > tt/ that 
associates to each / a normal representation of A{I) on B{7i) such that 

7rj\AiI)^7ri, IGI, /,/cX. 

TT is said to be Mobius (resp. diffeomorphism) covariant with positive energy if there 
is a projective unitary representation U^^ of G (resp. Diff*-°°-'(S'^), the infinite cover 
of Diff(S'^) ) with positive energy (the generator of the rotation subgroup has 
non-negative spectrum) on H such that 

7rgi{U{g)xU{gy) = U^{g)nj{x)UM* 

for all / e X, a; e A{I) and g e G (resp. g e DiS^°°\S^)). Note that if TT is irreducible 
and diffeomorphism covariant then U is indeed a projective unitary representation of 
DiS{S^). 
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2.2 The orbifolds 



Let A be an irreducible conformal net on a Hilbert space H and let F be a finite 
group. Let y : F — > C/(7i) be a unitary representation of F on 7^. If y : F — > U{H) 
is not faithful, we set F' := T/kerV. 

Definition 2.1. We say that F acts properly on A if the following conditions are 
satisfied: 

(1) For each fixed interval I and each g &r, CKg{a) :— V{g)aV{g*) e .4(/),Va e 
Ail); 

(2) For each g^T, V{g)n = n,Wg e F. 

We note that if F acts properly, then F commutes with G. 

Define A^{I) := A{I)Po on Hq where Hq := {x G n\V{g)x = x,'ig e F} and Pq 
is the projection from Ti to Tio- The unitary representation U of G on restricts to 
an unitary representation (still denoted by U) of G on T^o- Then: 

Proposition 2.2. The map / G X — > APi.^) on Tio together with the unitary rep- 
resentation (still denoted by U) of G on 7io is an irreducible Mobius covariant net. 

The irreducible Mobius covariant net in Prop. 2.2 will be denoted by AF and will 
be called the orbifold of A with respect to F. We note that by definition AF = A^ . 

2.3 Complete rationality 

By an interval of the circle we mean an open connected proper subset of the circle. 
If / is such an interval then /' will denote the interior of the complement of / in the 
circle. We will denote by X the set of such intervals. Let h^h G T. We say that /i, h 
are disjoint if /i fl /2 = 0, where / is the closure of / in S"^. Denote by X2 the set of 
unions of disjoint 2 elements in I. Let A be an irreducible conformal net as in §2.1. 
For E = III) I2 G X2, let U 1^ be the interior of the complement of /i U I2 in 
where /s, 1^ are disjoint intervals. Let 

A{E) - A{h) V A{h),A{E) {A{h) V A{h))' . 

Note that A{E) C A{E). Recall that a net A is split if A{h) V Aih) is naturally 
isomorphic to the tensor product of von Neumann algebras A{h) ® Aih) for any 
disjoint intervals Ji,/2 G X. A is strongly additive if A{Ii) V A{l2) — A{I) where 
/i U I2 is obtained by removing an interior point from I. 

Definition 2.3. [16] A is said to be completely rational, or ^-rational, if A is split, 

strongly additive, and the index [A{E) : A{E)] is finite for some G X2 . The value 
of the index [A{E) : A{E)] (it is independent of E by Prop. 5 of [16]) is denoted by 
fiji^ and is called the n-index of A. If the index [A{E) : A{E)] is infinity for some 
E G X2; we define the /i-index of A to be infinity. 
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The following theorem is proved in [25]: 

Theorem 2.4. Let A be an irreducible conformal net and let T be a finite group acting 
properly on A. Suppose that A is completely rational or ii-rational as in definition 
2.2. Then: 

(1) : AF is completely rational or ^-rational and fj,^r — |r'p//_4; 

(2) : There are only a finite number of irreducible covariant representations of A^ , 
and they give rise to a unitary modular category as defined in II. 5 of [22] by the 
construction as given in §i.7 of [27]. 

Suppose that A and T satisfy the assumptions of Th.2.4. Then A^ has only a 
finite number of irreducible representations A and 

A 

where we use d{X) to denote the statistical dimension or the square root of index (cf. 
[14] and [20]). 

2.4 Solitons 

Let ^ E S^, and identify R with 5"^ \ {^} ~ (0, 1). Denote by 2o the set of open, 
connected, non-empty, proper subsets of M, thus / e 2o iff / is an open interval or 
half-line (by an interval of M we shall always mean a non-empty open bounded interval 
of M). 

Given a net A on we shall denote by its restriction toR = 5'^\{ — 1}. Thus 
^0 is an isotone map on 2o, that we call a net on R. 

A representation tt of on a Hilbcrt space 7i is a map I E Tq ni that associates 
to each / e Xq a normal representation of A{I) on B{7i) such that 

TTf\A{I)^TTi, IGI, Ij elo. 

A representation n of is also called a soliton. If we wish to emphasize on the 
dependence of ^ e 5^, we will write tt as ti^^\ 

3 Conformal nets associated with a lattice and their 
representations 

Let Q he a, positive definite even lattice. That is, Q is a free abelian group of finite 
rank with a positive definite Z-valued bilinear form ( • ) such that {a, a) e 2Z for 

all a e Q. Q* = {[^ e RQ\{P,Q) C Z} is the dual lattice of Q. There exists a 
bimultiplicative function e : Q x Q ^ {il} satisfying e{a,a) = (— 1)^"'"^/^, a G Q. 
Then by bimultiplicativity e{a, (3)e{(3,a) = (— a, /5 e Q. Note that such 2- 
cocycle e is unique up to equivalence. We say e is trivial if e{a, (3) — l,\/a,[3 e Q. 
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We note that one can always choose a trivial 2-cocycle (in the equivalence class) if 
(a, 13) e 4Z, V«, /5 G Q. Let T = RQ/Q be the torus. We will represent elements of T 
by e^^'^ for h G MQ. Note that e^^'^ = 1 iff /i G Q. 

Denote by LT = C°°{S^,T). Every element of LT can be written as e'^'^^^ , where 
/ = f(e) : ^RQ with < ^ < 1 and f{e) = AjO + /o + MO). Here A/ G Q is 
called the "winding number" of /, and fi{0) — X^n^o One^'^'"^ for some a„. /o is called 
the "zero mode" of /. The rotation group acts naturally on LT, and we denote the 
action by i?6i. Define ^gi{f\g)d6:= J^{f,g)d9. 

Let CT = LT x S^, and define a multiplication on CT as follows: 

Definition 3.1. 

{e^^'f, xi){e^^'^, X2) = (e2-(^+^), xia:2e(A /, Ag)e^'^^ (/'|9)<ie-(/(i)|A,)+i(A,|A,>]) 

Lemma 3.2. £T twzt/i t/ie above multiplication is a central extension of LT. Moreover, 
the action of rotation Rg on LT lifts naturally to CT and we have Re{e'^'^''^)Re{e'^'^'^^) — 
Re[e^-'''i e^'^^^) m CT . 

Proof. We note that the associativity of the multiplication follows from the prop- 
erties of 2-cocycle e, and the rest follows by using definitions. ■ 

Remark 3.3. Our choice of multiplication rules in the above definition is different 
from that of [21] (cf. Chapter 4 of [21]) in the special case when Q is a root lattice, 
and such a choice makes the action of rotations simpler than that of [21]. 

Proposition 3.4. Let f,g be such that suppe^'^*-^ fl suppe^'^*^ = where suppe^'^*'^ is 
defined to be the support of e^'^'^^ as an element in LT. Then 

g27ri/g27rig _ ^2mg^2mf 

as elements in CT. 

Proof Assume that f{e) = ae + fo + fi{9), g{9) ^ p9 + go + gi{9) and g{0) ^ 
and g{l) = [3. Then by definition 3.1: 

g27ri/g27ris^g27ri/-j-l ^ g27riflg27rj(i(a,/3)+(a,so>-(/3,/o)-/si 

Note that 

/ {g[\f,)d9= f {g[\f - a9 - fo)d9 
= f {gy)d9-{a,f3)+ f {g\a)d9 - {f3\fo) 
= [ {gV)d9-{a,(3)+ [ {(39 + go\a)d9 - Wo) 
= [ {9V)d9-\{a,P)+ f {go\a)d9-Wo). 
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Since suppe^'^^-^ n suppe^''^^ = 0, Jg, {g'\f)d0 is either or {a\P). It follows that 

g27ri/g27rigj-g27ri/j-l _ ^2mg 

■ 

The structure of JCT is well known (cf. Page 191 of [21]). The identity component 
{CT)° of CT is canonically a product T x Vq, where Vq is the Heisenberg group 
defined as follows: Let Wq be the set of maps / : 5*^ — > M.Q with winding number 
and zero mode being zeros. Then Vq is equal to Wq x as sets and multiplication 
is determined by 

(/i,Ai)(/2,A2) = (/i + /2,AiA2ei/<^il^^>'^^). 

Let W be the set of maps f : ^ MQ with winding number zero, and W :—VqX RQ. 
The following is essentially Prop. 9.5.10 in [21]: 

Lemma 3.5. We have: 

(1) Vq has a unique irreducible representation with positive energy on a Hilbert 
space denoted by S{V); 

(2) All irreducible representations ofW with positive energy are of the form S{V)a 
for a G M.Q where S{V)a is the same as S{V) as a representation ofV and the center 
(0, h) ofW acts on S{V)a as a scalar e^'^^^'^l"); 

(3) All irreducible representations of CT with positive energy are of the form Hx — 
©aeA+Q S{V)^ for XeQ* where Q* = {p e MQ\{P, Q) C Z} is the dual lattice ofQ. 
Moreover e'^'^'l^^ maps S{y)a to S{y)a+p. 

Proof. See the proof of Proposition 9.5.10 in [21]. ■ 

Consider the representation S(y)a of W . By Theorem 7.6 of [12] (although The- 
orem 7.6 of [12] is stated for semisimple Lie algebras, but the same argument applies 
to the case of Heisenberg algebra), there exists a map (p G Diff(5'^) ^ 7ia{o'{ip)) G 
U{S{V)a) which is a unitary cocyclc representation of Diff(S'^) on S{V)a, and 

7ra{a{ip))7ra{f{-))7ra{cr{ipy) = 7r„(/((^"^(-))). 

Let Bq be a net on S{V)o such that 

BQ(/) = {7ro(/)|/Giy,supp/c/r 
where ttq denotes the representation of W on S{V)o. 

Proposition 3.6. We have 

(1) Bq is a conformal net on yS'(V")o; 

(2) Bq is strongly additive. 

Proof. (1) is obvious and (2) follows from the same argument of Proposition 1.3.2 
of [23]. ■ 
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Definition 3.7. Let Aq be a net of von Neumann algebra on Hq such that Aq{I) — 
{7ro(e^'^'-^)|e^'^'-^ £ jCT,suppf C /} where tt denotes the representation of CT on Hq. 

We note that by definition Aq is independent of the choices of 2-co cycle e. 
By the statement before Proposition 3.6, we have a unitary cocycle representation 
of Diff (5^) on Ho = Y^aeQ '^(^)" such that 

7r(<7((^))7r(/)7r(<7((^)*) = 7r(r) 
for / e where /^(e) := f(ip-\e)). We claim that 

7r{a{<p))7r{e'^'f)7r{a{<pr) = c{f,<p)n{e'^'n 
for the some phase factor c{f,(p) G C. First we have 
Lemma 3.8. Aq is a local net. 

Proof. This follows from Proposition 3.4. ■ 
Proposition 3.9. If (p & Diff(/), and suppe^''*-'^ (11 = 0, then 

7r((7((^))7r(e2^'07r((j(¥')*) = nie'^'^'f"). 

Proof. By Proposition 3.6, Bq is a conformal net, and it follows that 7ro(cr ((/?)) e 
Bq{I). Note that vr is a representation of Bq on ©Q,gQ 'S'(V)q,, and restrict to an 
irreducible representation of Bq on each S(y)a- It follows that 

Adn{-Ko{a{ip))) = Adn{a{ip)). 

So we have 

^d7r((7((^))(7r(e''^*^)) = Ad7r(7ro((7((^)))(7r(e''^*0) = ^e^""'^) 
where we have used Lemma 3.8 in the last equality since 

7ro(a((^)) e Bq{I) C Aq{I). 

■ 

Proposition 3.10. We have for f e CT 
where c{f, (f) e C. 

Proof. Since Diff(5'^) is a simple group, it is generated by Diff(/). It is sufficient 
to prove the proposition for (p e Diff(7). Note that 

where a is the winding number of /. Since 

it is enough to show the proposition for e'^'"^^ = e^'^*"^. By the same argument it reduces 
to show the proposition for e'^'^^^ so that / has winding number a and suppe^'^*'^ 01 = 
0, which follows from Proposition 3.9. ■ 
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Proposition 3.11. (1) Aq is a conformal net. 
(2) Aq is strongly additive and split. 

Proof. (1) follows from Propositions 3.10 and 3.9. As for (2), let h^h be two 
subintervals of / obtained from / by removing an interior point of /. By Proposi- 
tion 3.6, B{I) = B{Ii) V Bih). Since A{I) is generated by B{I) and 7r(e2^^^(^)) with 
suppe2-^/('') C /i, it follows that Aih) V B{I) = A{I), and so Aih) V Aih) = Ail). 

The character Trg^" of Hq (Lq represents the generator of rotation group S^) is 
well known to be 

r]{qy 

where 

is the theta function of the lattice of Q and 

rj{q) = JJ(1 - g") 
n>l 

is the eta function. Here / is the rank of Q and q = e^^"^^ for r in the upper half plane. 
Hence q^° is of trace class, and it follows from that Aq is split (cf. [5]). ■ 

Definition 3.12. Let X{9) : [0, 1] ^RQ be a smooth map with A(0) = 0, A(l) = A e 
Q*, and A*^"^(0) = A*^")(l) = for all positive n. Define an automorphism Ad^^e) of 
CT by the following formula: 

Note that if A G Q*, e^'^*'^ lies in the center of CT. For any interval J C S*"*^ we 
choose an element Pxj G LT such that P\,i{0) = e^'^*'^^^) if 6' G / where A (6*) is as in 
definition 3.12. 

Definition 3.13. Let A G Q*. Define an automorphism Adx of Aq by 

Adxiv) = 7riPx,i)y7r{Px,ir 

for ye AQil). 

Lemma 3.14. Adx in Definition 3.13 is independent of the choice of Pxj and AdxT^{jOiT) — 
■n{AdxCiT) for any I. 

Proof. If P( J is another choice, then PxjP'xj G CpT and by locahty 

7,{P'xj)y7^{P'x^jr = niPxj)y7riPx,ir 

for y G Aq{I). The equality in the proposition can be checked directly by definitions. 
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Proposition 3.15. (1) Adx,X e Q* gives an irreducible DHR representation of Aq, 

and each such representation corresponds to an irreducible representation of CT, la- 
beled by \ E Q*/Q (We identify A with its image in the quotient map Q* Q*/Q ) 
as in (3) of Lemma 3.5. 

(2) Let ip be an irreducible representation of Aq with positive energy on H. Then 
ip is isomorphic to Adx for some A e Q*/Q. 

Proof. (1) Note that e^'^*'** is in the center of £T, and by the same proof of Proposi- 
tion 5.8 of [15], Adx is an irreducible DHR representation of Aq. Such a representation 
of Aq corresponds to representation 7r{AdxJCT) of CT by Lemma 3.14. 

(2) We will use an idea for the rank one case given in §4 of [25]. 

Let / = /o + /i(^) • "S*^ — ^ IRQ be a map with winding number 0. Let {/i, Ik} 
be a finite open covering of S^. Assume that {(fii} is a partition of unity such that 
supp^^i C li. Then / = Yl'^=i f'^i- Let c(/, ip) e 5"^ be the phase factor in the center of 
jCT so that {e'^'^'f, 1) = 11^=1 (e^'''-^'^^ l)c(/, ip) as an element of JCT. By using Isotony 
we claim that the following map 

k 

is independent of the choice of {/i, I^} and Moreover, 

i^{fm9) = c{f,gmf + g). 

In fact, if {Ji, Jre} is another open covering of jS"^ and {(pj} is another partition of 
unity with supp<^j C Jj for j' = 1, n, so that Jj^ U Jj^ ^ for any 1 < ji, j2 < n. 
We have by Isotony 

n 

where the phase factor Xi & is determined by 

n 

j=l 

and TT/^nJ, (e^'^'-^'^^'^O ^ Aq{Is n Jj) by definition. It follows that 

k 

s=l 
k n 

s=l j=l 
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with X & S^. Similarly, 

n 

k n 
s=l j=l 

for some y E S^. Note that Jj^ U Jj^ ^ for any 1 < ji, j2 < n. It follows that in 
permuting the factors 

above, the phase factors are determined by the group law of JCT. Since 

k n k n 

it follows that x — y and 

s=l j=l 

By the independence of ip{f) on above, it is straightforward to check that 

i^{f)i^{9) = c(/, g)i/j{f + g) where 

and ip{Re)ip{f)'4'{Re)* = i^W^) where Rq is the rotation by angle 2t{6. 

Now for f = aO + fo + fi{0) where a is the winding number of /, let QiiO) — 
+ S'o + be such that suppe^'^'^^ C / and define 

i'U) = MMe'^^'^mf - 9iW,9i) 
where c(/, gj) in the center of CT is determined by 



e 



2nif 



l) = (e2-^^l)(e2-(^-^^^l)c(/,^7,) 



in CT. Note that f — gj E C°^{S^^ MQ) and ip{f — gi) is well-defined as in the previous 
paragraph. One checks that ip{f) is independent of / and the choice of gi, and 

V'(/W^) = c(/,^M/ + ^), 

i;{Re)i^{f)i;{Rer^i^{f). 

To show that the map e^'^'^^ e CT ^ '0(/) is well-defined we need to check that if 
f — a, then ip{a) is the identity operator. For any / we get 

^|;{R^)^|;{f)^|;{R^)-' = ^(/ - a) = ^(/)e2-i<"'"V(a)- 
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But i>{Ri) is a scalar operator as ip is an irreducible representation of Aq. It follows 
that = s^iid ip{a) is the identity operator since ip{f) is unitary. So we 

get a well -defined irreducible representation 

of CT with positive energy. By Lemma 3.5 and (1), (2) is proved. ■ 

Remark 3.16. There is a similar result in the theory of vertex operator algebra. Let 

Vq be the vertex operator algebra associated to the lattice Q (cf. [4], [11]). It has been 
proved in [6] that Vq+x for X G Q*/Q gives a complete list of irreducible Vq-modules 
up to isomorphism. 

Lemma 3.17. Let A he a net with split property. If A has only finitely many irre- 
ducible representations with positive energy up to isomorphism, then every irreducible 
representation of A® A with positive energy tt is of the form tti ® 7i2 where TTj are 
irreducible representation of A with positive energy. 

Proof. As in Lemma 2.7 of [16], it is enough to show that 7t{A ® 1)" is a type 
/ factor. Since tti — tt \ ^,g,i is also a representation of A with positive energy, and 
A is split, by Proposition 5.6 of [16] and Lemma 5.14 of [3], tti = 7rxdii{X) where 
TTx are irreducible representations of A with positive energy for almost all A. Since A 
has only finitely many irreducible representations with positive energy, it follows that 
7:{A ® 1)" is a type I factor. ■ 

Theorem 3.18. Let A be a conformal net, and assume that A is strongly additive and 

split. If A has only finitely many irreducible representations with positive energy up 
to isomorphism, and if each such representation has finite index, then A is completely 
rational, and /i_4 = ^;y<i(A)^, where the sum is over all irreducible representations of 
A with positive energy. 

Proof. The theorem and its proof are essentially contained in §4 of [19] except 
for the positive energy condition. We will give a proof with necessary modifications 
compared to [19]. 

It is sufficient to show that /i_4 is finite. Consider {A <8) A)^^ G A A where 
{A(E)A)^'^ is the fixed point subset of A® A under fiip. By Corollary 4.6 of [19], we have 
a representation of (A^A)^'^ which is a direct sum of two irreducible representations 
with positive energy. Let r be one of them. Note that /ij^ is finite if and only if r has 
finite index. 

By Corollary 3.3 of [19], is a DHR representation of A® A. Since 7r(Diff(/)) C 
{A® A)^'^{I), by Lemma 4 of [1], 0:^2 is Mobius invariant with representation 7r(G) G 
q;^2 [ (_4ig,^)Z2. Since | (^(g)^)Z2 is a direct sum of and crr^ (cf. §3.2 of [19] for 
the definition of cr), and both have positive energy by Theorem 5.13 of [3], it follows 
that is a Mobius covariant representation of A<S> A with positive energy. Hence 
q;^2 = Xdii{X) where almost all A are irreducible representations of A<S> A with 
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positive energy. By Lemma 3.17, it follows that q;^2 is a direct sum of irreducible 
representations of A with finite index. 

Let [«^] = Xli=i["^*] with Xi irreducible as sectors. Since [a^2] = [a^][Q;T-], it 
follows that XiXj and XjXi contain sectors with finite index. By Lemma 3.6 of [19], 
Xi must have finite index, and so does ar- This proves that /x^ is finite. ■. 

Corollary 3.19. Aq is completely rational and 

i^aq = \QVQl 

Proof. The proof follows by Propositions 3.11,3.15 and Theorem 3.18. ■ 

Remark 3.20. It will be interesting if one can give a direct proof of Corollary 3.19 
without using Theorem 3.18. 

4 Orbifolds 

Let Aq be the conformal net on H = ^^^q S{V)a as in Section 3. We will consider 
a finite automorphism group F of Aq which arises from isometrics of the lattice Q as 
follows: for each cr e F, there is an isometry of Q defined by the same letter u, and 
moreover the following map 

Ad,(e^^'^^f'+f°^e^^'f'^'\x) = (^(^)-ie2-(-(^/)^+-(/o))e2--(/i('')), x) 

gives an automorphism of CT with finite order. Here ri{a) = ±1. For such o" G F, let 
/t((/) be the unique unitary operator on Hq such that 7T{g) ■ fl = fl is the vacuum 

vector) and 

n{a)n{e^'''f)TT{a)* = n{Ad^e'''''f). 
One check easily that such unitary operator exists and is unique. 

Lemma 4.1. The map g Ad-n{g){y), y G Aq{I) defines a proper action of T on 
Aq. The fixed point subset Aq is a conformal net. 

Proof. It is enough to show that n{g)n{ip)n{g)* = 7i{(p) for all ip G Diff(S'^). Since 
Diff(/) for any I generates 015(5*^) and 013(5*^) is a perfect group, it suffices to check 
that 7r(^)7r(^)7r(c/)*7r(99)* G CI for all cp G Diff(S^). Note that 7r(^)7r((^)7r(^)*7r(</?)* G 
Aq{I) and by definition, 7r(c/)7r((^)7r(c/)*7r((^)* G BQ{iy. But ;Bq(/)' n^Q(/) = CI, we 
immediately have 7r{g)7r{(f)7r{g)*7r{(f)* G CI, as desired. ■ 

Fix 0" G F of order N. Let Pq := J^kikn'^^ ^® projection on MQ. For any 
6 G MQ, let 5* be the unique element in the orthogonal complement of Pq{M.Q) such 
that 6 = 6o + {1 — cr)5*, ^ -Po(IRQ)- We will use {Q*/QY to denote those elements 
of Q* /Q which is fixed by a. The set {Q* /QY can be represented as follows: let 
Qa := {5 eQ*\{l- a)5 G Q}, then {Q*/QY = Qa/Q- The following lemma follows 
directly from definitions: 
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Lemma 4.2. 

{Q*/Q)/{Q:/Q) ^ Q*/Q* ^ Qa/Q = {QVQT 

Definition 4.3. Let N be the order of a. Set 

CtT = {e^-^ e C{S\ T)\f{e + 1) - a{f{e)) e Q, ^ e [0, 1]} 

C^T = {e'-'f e C{S\ T)\f{e + ^)- f{6) eQ,ee [0, 1]} 

CnTo = {e"-^'^ e CjvT|/(0) - a(/(0)) G Q} 

For each e^"^"^^ G CnTq we define a map (p2 '■ CnTq — * CtT by ^2{g^'^^^) = e^'^*'* where 
h is the unique continuous function which satisfies h{0) = f{6) for < 9 < and 
h{e + i) = g{f{e)) modulo Qifj^<e<l. 

Example 4.4. (1) Let e^"^^" G CtT^. Then ^2(6^"'^") = e^^*^^^) such that h{e) = 
Nae forO < e < and h{e + j^) = (T{f{0)) modulo Q if ^ < 9 < 1. There is a 
unique choice of continuous function h{6) with the specified property: 

h(e) =a + a{a) + ■■■ a'-\a) + {N9 - i)a'ia) 

for jf < 9 < ^ and i = 0, N — 1. From this example one can see that in general 
(f2 maps smooth functions to piece-wise smooth functions. 

(2) Let e^'^*'* G CnTq be a constant loop. Then h = g{h) modulo Q and (p2{e^'^'^^) — 

As in section 2.4, let ^ e and identify R ~ \ {^} ~ (0, 1). 
Let 

LkT = {e''^^-^ G LTlsuppe''^^-^ C (0, 1), /("^(O) = = 0, Vn > 1}. 

Fix P — 2NQ C Q which inherits inner product ( ■ ) from Q. Note that {a, (3) G 
4NZ for a, P E P. We can choose an equivalence class of 2-cocylces e on Q so that 

e{a,j3) = 1, Va,/5 G P since {a, 13) G 4Z, V«,/9 G P. Similarly for the central extension 
CT associated to P, (, ) (rcsp. CT associated to P, -^(, )), wc will choose the 2-cocyles 
as in Definition 3.1 to be trivial since {cY,f3) G 4A^Z, Vo;,/? G P. 

Definition 4.5. Denote by £rT be the subgroup of CT associated to P, {,) (with 
the trivial 2-cocycle as above ) whose projection onto LT is LrT. Denote by CnTq, 
C^TjCtT the subgroups of CT associated with P, jf{,) (with the trivial 2-cocycle as 
above ) whose projections onto LT are the smooth loops in C^Tq, C^T, CtT respec- 
tively. 

Proposition 4.6. The homomorphism 

LrT ^ LjsiTq ^ LfT 

can be lifted uniquely to a homomorphism between the central extensions 

C^T ^ CtT. 
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Proof. Note that </?2</?i maps L^T to smooth loops in LT. The proof is a direct 
computation by definitions. ■ 

Let Ap be the conformal subnet of Aq associated to the lattice P and represented 
on its vacuum Hilbert space Hp, and Ap^^ the conformal net associated to (P, ■ )) 

on H where the extra subscript indicates that the inner product on P is jf{ ■ )■ 
Using (fi we get a covariant representation tt of Ap on H such that 

7r(7rp(e2-/W)) = 7r((^i(e2-/)) = 7r{e^-^f(^'^) 

for any locahzed e^'^'^^ . Denote by Pr the projection from H to 7r{jCtT)fl. 
Definition 4.7. Let e^^^'f e L^T, and 

N-l 
1=0 

with JXe) = f{Ne) ifO<e<jf, and f{9) = Af if < 9 < I, and R is the rotation 
by ^. Define 

N-l 
i=0 

Proposition 4.8. extends to a normal representation of Ap{M.) and restricts to 
a DHR representation of A^. 

Proof Fix 7 C R ~ (0, 1) ~ 5^ \ {^}, and assume that suppe^^^-''^^) C /. Then 

Af-l 

^(O^e^-ime)^ = H Adp.(7r(e2--^»)) C ^p,^(/i) V • • • V Ap^i_{In) 

where I^^ = I, i = 1, ...,N, as intervals on S^, and we choose the ordering so that on 
(0, 1), li is to the left of /j+i. Since Ap± is split by Prop. 3.11, there is a normal 
isomorphism 

XI : Ap±(Ii) Ap±(In) Ap±(Ii) V • • • V Ap±(In) 

^ 'AT 'AT 'AT 'AT 

SO that ® ■ ■ ■ ® xjq) = Xi - ■ -xn, Xi e Ap^^{Ii),i = 1, ...,N. Note that the map 

: Xi ® ■ ■ ■ <S> X]\f Xi ® cr{x2) ® • • • <8) a^~^{x]\[) is normal. So we have 

if suppe^'^'-^ C /. Thus 7ra\x) — xiUaXj^i'^i'Pii^))) is a normal representation of 

MI)- 

Note that 

N-l N-l 

Yl Ad^iRi{Adp;ix) = Yl Ad^iRi{Ad^-jx) 

i=0 i=0 
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for X e Ap±{Ii) V • • • V ^pj_(/Ar) since cr and it! commute. 

Also note that Adcr'K{(pi{x)) — 7r(</?i(Ado.x)) for x e Ap{I). So if x e A^p{I)^ then 

AT-l W-l 

Ad^iRiiAdj^ini^iix)))) = Ad^iRi(7r((/^i(x)))). 



i=0 



So when we change ^ E to E we have when restricting to .4p . 

It follows that T^'P restricts to a DHR representation of A^p . ■ 

Remcirk 4.9. Note that the definition of soliton above is similar to the soliton given 
in [19], but without using Diff(5'^) and hence are different. We will write simply 
as TTo- when restricting to Ap^ . 

Proposition 4.10. vrS^^ is an irreducible soliton of Ap. 

Proof. First we prove that the representation 'K{CtT)Pr on PrH is irreducible. 
Notice that this is a representation with positive energy, and the identity component 
{CtT)° is the product of a Heisenberg group and Tq := exp^'^'^o^'^^^ . It follows from 
(l)-(2) of Lemma 3.5 that the representation TT{CtT)Pr of CtT is irreducible. To 
prove the proposition it is enough to show that 7ra\Ap{M.))" = 7r{CtT)"Pr, and it is 
sufficient to show that 7r(e2'^^3)p^ ^ 7r^J\Ap{R))" for any e^'^'s G (AT)". 

Let x{9) be a complex valued function on [0, 1] with x{9 + jj) = x{9), and a;*^")(0) = 
x^^\j^) = for all n. It follows from Lemma 1.2.2 of [23] that for any e > one can 
choose x^ such that \ \x^ ~ < e (cf. §1.2 of [23] for the definition of norm ||.||i), 
and by Proposition 1.3.2 of [23] we have that 7r(e^''^^^») 7r{e'^'''<') strongly. Note 
that 7r(e2'^^^^») = n{cp2(pi{e'^'''^')), where e'^'^'f^ e C^T with f^{0) = Xe{jf)g{j^) for 

< e < 1. It follows that 7r(e2'^^5)Pr e ni^\Ap{ 



Definition 4.11. Let X{9) : [0, 1] ^ CP be a smooth map with A(0) = 0, A(l) = A e 
P*, and A''"-*(0) — A^"^(l) = for all positive n. Define an automorphism Adx{e) on 
CtT such that 

Adxie){e'''"'^'\y) = (e'^M0)^y^2.^NJ,^(x'(m)\m)de^ 

where h{9 + = (Th{9) forO<9<l, J hd9 = 0. 

Lemma 4.12. For any e'^'^'^^ e C^T we have 

7r(v92^i(Arf,(,)e2-/)) = TiiAdxiemMe''''^))- 

Proof. It is straightforward by definition. ■ 

Proposition 4.13. ni^\Adx) is an irreducible soliton of Ap{M.) which corresponds to 
an irreducible representation of CtT where the central group [P* / Py of CtT acts as 
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Proof. na'{Adx) is irreducible since tt^ is by Proposition 4.10. The second state- 
ment follows by lemma 4.12. ■ 

To make contact with the results in Section 4 of [2] , and to motivate the definitions 
in the next section, let us define (compare to Section 4.3 of [2]). 

Definition 4.14. Let Gp = x exp(27riPo(lR-P)) x P be the set consisting of elements 
ce'^Ua (c e S^, h e 2mPo{M.P), a & P). Define a multiplication in Gp by the formulas 

e^U^e-^ = e-^^\''^U^ 

Note that Gp is a group. Recall the Heisenberg group Vq associated with a lattice 
Q and inner product {,) onQ before Lemma 3.5. We will consider a Heisenberg group 
Vp.1. associated with the lattice P and inner product -^{,) on P. 

Lemma 4.15. We have the isomorphism 

CtT = Gp X Vp±. 

Proof First we note that CtT is generated by e2'^^(^^o(°)^+'**) and e^''^'^^^) with 
h(e + jj) = oh{e) for < ^ < 1, / hde = 0. For any e (P*/PY, e^'^^'^ is in the 
center of CfT. 

Let ip : CtT Gp x Vp i_ be a map such that 

for h{9) with h{0 + j^) ^ ah{9),Q < 9 < 1, J hdO ^ 0, and ho e Po{RP). One checks 
directly by definition that (f is an isomorphism of groups. ■ 

We note that a class of irreducible representations of GpxVp ± is given by Theorem 
4.2 of [2], and these irreducible representations are determined uniquely by the action 
of central subgroup {Q* /QY of Gp as follows: Given fi e Q* /Q, there is an irreducible 
representation tt^ of Gp x Vp j_ on a Hilbert space if^ such that A e {Q* /QY acts 

as e^'^'^^l'*^ By using Proposition 4.13 and Lemma 4.15, it is easy to check that tt^ 
corresponds to 7ro-(Ad^(5))). Denote by Tr^./i = 7ro-(Ad^(5))) and note that using this 
notation tt^ = "Kafl- 

Proposition 4.16. Let ui e P. Then 

(1) 7r^,^(^d(7i) ^ 7r^-i^^,,^-v solitons of Ap{^). 

(2) -KaM - '^ctM O'lT'd only if Xi - X2 e P*. 
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Proof. (1) First note that Ad^{e)Adcri — Ad^^Ad^-i^^Q-^ on £mT, and so it is suffi- 
cient to show that T^(j{Adcr-^) = '^fj-'^crcri- / C M, let li be intervals on 5"^ so that 
If ^ 1,1^1,. ..,N. Then 

N N 

\[Ad,iRi{Ad,,x) = Ad,,{\[Ad^^^-.^^^y^,{x)) 

i=l i=l 

for all X e Ap:^{Ii V • • • V /jv)- It follows that 'Ka{Ad„^) = vr^~i^<^^. 

(2) By Proposition 4.13, T^aM — '^cr,\2 if '^^J if (/^l-^i ~ -^2) ^ for all 
^ e (P*/py = p^/p. It follows that tt^^a! = ^r^.Aa if and only if Ai - A2 G P;. ■ 

Consider A^p^ C Ap, the fixed point subnet of Ap under the action of a. Let 
V e Ap{I) be a unitary such that a{V) = e^V (cf. §8 of [19]). 

Adv induces a DHR representation of Ap\ By Proposition 4.8 and Prop. 8.2 of 
[19] TTo- decomposes into a direct sum of N irreducible representations of Ap"^. Let tTo-o 
be one of such irreducible representations of Ap'^ obtained from tt^- by projecting onto 
(7 invariant subspace. Set tt^, — Tr^oiAdV). By Proposition 4.8, tTj, restricts to a DHR 
representation of Ap\ and it is a covariant representation of Ap\ In fact, 7r{ip{-)) is 
a covariant representation of Ap"^ as Ap'^ is conformal and 7r{(p{-)) restricts to a DHR 
representation of (cf. [1]). 

Let 

Uj = {geG\glUlcS'-{0} 
be a neighborhood of identity in G. For g E Uj we have 

T^u{gxg*) = 7r^(5')7r^(x)7r^(^*) = T^ao{g)T^ao{g*VgV*)T:^{x)T:^Q{Vg*V*g)'K^Q{gy 

for all X e A^. So we have 7r^(c/)*7r^o(c/)vrao(t/*V'c/V'*)* e CI for all 5 e C//. It 
follows that T^uig) — T^aQ{g)T^ao{g*ygy*) for all g E Uj as the only one dimensional 
representation of G is the trivial representation. 
Consider 9 'k„q{Rq) and set 

F{e)^Ad^^r ,)(7r((^(y)))7r((/.(y))*Pr,o 

where 7r(r_^) denotes the unitary operator on H implementing rotation by — on 
'A.p^j., and Pr^jQ — Pf'Ylii<cr<N'^^ i^ projection onto the irreducible represen- 
tation Ti^Q of A^. Note that ii 6 e Ui then F{e) = TT^{Re)TTao{R*eVReV*). Also 
T:{ip{AdRe,y)) — ^{Adrg {(p{y))) for all y e Ap^ by definitions, i.e., 

IV 

7r(i?,)7r(^(l/))7r(i?,)* = 7r(r^)7r(^(2/))7r(r^)* 
for y e ^ . Using this one checks easily that 

F{ei + e2) = F{ei)F{e2). 
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It follows that F{9) — Tru{Re), for all 9, since both sides are one-parameter group of 
unitaries which agree on a neighborhood of 0. 
On the other hand, 

F(27r) = 7r,o(i?2.^rf.(r ,_^MviV)))7riipiV*)) 

N 

= 7r.o(i?2.7r((^(a(V)y*)) 
= e^7r<^o(-R27r)- 



where we have used a(V)V* = . It follows that the univalcnce of 7rfjQ{AdV) is 
the univalcnce of 71^0 multiplied by e"^. By monodromy equation (cf. [9]), we have 
proved the following 

Proposition 4.17. 0(7:^0, AdV) — e^, where G{-, •) is defined as in Lemma 8.3 of 
[19]. 

Remark 4.18. The same argument as in the proof of Proposition ^.i7 shows that 
K{1) — 1 in the paragraph after (47) of [19]. 

4.1 General case 

When jf{-) is not an even integral on Q, wc do not have an analogue of Proposition 
4.6 and net Aq ±. However we have a subnet A2NQ C Aq where we can apply the 

construction of Section 2.1. Also there is no CtT in general case, but we have Vq ± 
and an analogue Gq as defined as follows (cf. Section 4.3 of 



Definition 4.19. LetGq = 5^ xexp(27riPo(IRQ)) x Q be the set consisting of elements 
of the form ce^Ua, (c e S^, h e 27riPo(M(5), o; G P) with multiplication 

One checks easily that Gq is a group. 

Remark 4.20. Our group Gq is slightly different from G of Section 4-3 of [2], the 
commutator among Ua, Up is the complex conjugate of 4-44 of [2]. The reason for 
defining the multiplication rule for UaUp comes from the following computations: Let 
h{6) he as in (1) of Examples 4-4j then h{9) — NTro{a)9 + a* + ha{9). Regarding 
^2mha{e) element in Vr, ± we have 

^' N 

^2niho,{e)^27Tihf,{e) ^ g7ri(a|/3.)-i(a|/3> + i(a|Po(/3)>g27ri(h„(e)+h;3(e))_ 

Hence if we map preserve the commutator relations we need 
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We will treat Gp (cf, Definition 4.14) as a subgroup of Gq under the natural map 
Gp — > Gq. 

According to Lemma 4.15, the analogue of CtT is now replaced by the group 

Definition 4.21. For X{9) as in Definition 4-11 with X & Q* define an automorphism 
on Gq X Vq ± by 

for h with h{e + ^) = 

Definition 4.22. Let f{e) = Af0 + /o + fi- Defi.ne f{d) = f{Ne), < d < and 
f{9) is a continuous function with f{6 + j^) — modulo Q. It follows that 

fie) = NPoia)e + Po(/o) + (A/)* + MO) 
where fi{e + ^) = a{fi{e)) and /^i fidO = 0. Then the map (p is defined as 

Lemma 4.23. ip : C^T — > Gq x VQ j_ is a group homomorphism and ip{Adx(0)x) — 
Adx{0)(p{x) for all x e £rT. 

Proof. The proof is a direct (but tedious) check by using definitions. ■ 
Fix a E T with o"^ = 1. Let tta be an irreducible representation of Gq x j_ 

as given by Theorem 4.2 of [2]. This is an irreducible representation of Gq x Vq ± 
on a Hilbert space Hx where the central subgroup {Q*/Q)'^ of Gq acts as the char- 
acter e^'^*^'^'^^ for /i G {Q*/Q)'^- This representation, when restricting to Gp x Vq ±, 

decomposes into direct sum of finitely many irreducible representations oiGpxVQ ± : 

Hx^^Hx,u,<»K^ 

where is an irreducible representation of Gp x Vq ± as given by Theorem 4.2 
of [2] for lattice P = 2NQ, and the central subgroup {P*/P)"' oi Gp acts by the 
character e^'^*^^^''^^ for /ii G {P* /P)'^ and each i^A.w is of finite dimensional. We note 
that by Proposition 4.13, corresponds to representation tTo-^cj of ^p(M). Fix an 
interval / C S*^ — {^}, and a set of representatives ai, • • • , a^, k = (rankQ)^'^ for the 
finite abelian group Q/P. By abuse of notations, in this section we will use £rT to 
be the central extension of L^T as in Definition 4.5, but associated with lattice Q. 
Choose e^'"*-^"* G CmT so that A/^. = a^, i = 1, k, and suppe^''*-^"^* C /. Note that 
for each / C J C — {^}, every element x G Aq{J) can be written uniquely as 
X = ELi^i^l^^''*''^')' ■where Xi G Ap{J). 
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Definition 4.24. With notations as above, we define 



l<s<k,ui 

forxe Aq{J). 

Proposition 4.25. vr^^j as defined in Definition 4-24 is an irreducible soliton repre- 
sentation of Aq. n^^^{Ad^{e)) = 4^]+^, TT^^liAdai) = t^^^^i^^^^^-i^ for G T, and 
vr^Ai — ^aX2 '^ff ~ ^2 ^ Qa- Moreover tt^^} restricts to a DHR representation of 

Proof. Let J be the interval as defined before Definition 4.24. By Propositions 
4.8 and 4.13, the map x G Aq{J) ^i^ll-^) normal. To check that vr^^} is a 

homomorphism, it is enough to check 'n:'f\{xiX2) = ''^f\{xi)T^f\{x2) for Xi^X2 in a set 
of generators for Aq{J). We can choose this set of generators to be elements of CjT. 
It follows from Lemma 4.23 that t:„^\ is a homomorphism. The rest of the proposition 
follows from Propositions 4.8, 4.16 and definitions. ■ 
We will use tTo^^a to denote the DHR representation of A^q from Prop. 4.25 and 
let TTo-o be an irreducible subrepresentation of 7ro.,oU^- 

Proposition 4.26. G{T:crQ-, AdV) — where •) is defined as in Lemma 8.3 of 
[19]. 

Proof. Since TTcro{Re) ^ T^aoiAQ)", it follows by Proposition 4.17 and definition of 

TTo- that the univaluence of tTo-oI^^q) is the univalence of tt^q multiplied by e^, and 
this implies the proposition by monodromy equation (cf. [9]). ■ 



4.2 Irreducible representations of A^. 

By Prop. 4. 25, 7r^^|^ ~ tt^^^^ iff Ai — A2 G Q*. By using lemma 4.2, we will identify A 
with its image in {Q* /QY under the composition of quotient map Q* — > Q* /Ql- and 
Q*/Q% ~ QJQ = {Q*/QY in this section. 

Theorem 4.27. Let a-i G F, Aj G {Q* /QY, and vr^^\^ be solitons of A}q as in proposi- 
tion 4-25. Then T^'f^^x^ — ^^f^M solitons of Aq if and only if ai = 02 and \\ = A2. 

Proof. The proof is similar to that of Theorem 7.1 of [15]. It is sufficient to show 
that 7r^^\j — TT^^^^ implies cti = (T2. Note that vr^^\, restrict to DHR representations 

of Aq'\ It follows that vr^^j\^ restricts to a DHR representation of Aq^'^ V Aq^\ 
and by Proposition 4.26 and the proof (2) of Proposition 7.2 of [15] we must have 
Aq^'^ V Aq^'^ = Aq^'^ . By Galois correspondence (cf. [13]) we have ((T2) C (ai). 
Exchanging ai and a2 we conclude that (a2) = (ai). So a2 = a™ for some integer m 
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with {m, order{ai)) — 1. By Prop. 4.26, the same proof as in (1) of Proposition 7.2 
of [15] shows that m = 1. ■ 
We will use the following simple lemma, and we refer the reader to §2 of [15] for 
definitions of endomorphisms. 

Lemma 4.28. Let p G End(Af) be an endomorphism and assume that [pTj] = [p] for 
i — 1, k where Ti e Aut(M) and [tj] ^ [tj] if i ^ j. Then d^ > k. 

Proof. U dp — oo there is nothing to prove. Assume that dp is finite. By by 
Probenius duahty [pp] contains 0^=i[Tj] and so o?^ > /c. ■ 

Proposition 4.29. Let Tr^^j be as in Proposition 4-25. Then (i(7r^^})^ > \(Q*/Qy\ - 
Proof. By Proposition 4.25, 

4iiAd,^e)) = 41, 

for e Q*/Q. It follows that 7rJi(Ad^(0)) = vrJJ if and only if e Q*/Q. The 
inequality now follows from Lemma 4.28 and Lemma 4.2. ■ 
Let TT^^J;^^ be solitons of Aq {i = 1,2). By Proposition 4.4 of [15], tt^^I^^ \ = 

^0-1^2 1^ there exists cr e F such that 7r^^\^ (Ada) = tt^^^j- 

Proposition 4.25 and Theorem 4.27 we have a~^aia — and a~^\x — A2. This 
motivates the following consideration. Let {[(Ti], [cr^]} be a fist of conjugacy classes 
in P. Each tTo-^.a, restricts to a DHR representation of AFq. Let Fo-. := {a G F|cr(Tj = 
OiG^ and let [Aj^i], [Aj be the orbits of {Q*/QY'' under the action of T^^. Let 
r^iA,. •= W e r^JcTAj,^ = \s] for s = l,...,mi. Then for any a G Fa^A..' ^'^iX,., 
and TT^^^Xi ^i^da) are isomorphic as representations of Aq and by Theorem 4.8 of [15], 
there is a projective representation of F<Ti,Ai,5 on H^^^x^ ^ with cocycle c^^^, ^ such 
that Hf^- Xi ^ — ®5 Ms <S> H^s^^.^Xi s) where each Mg is an irreducible representation 
of Fo-jjAja with cocycle c^^. ^. (and all irreducible representations of ^ai,\is with the 
same cocycle c^^^ ^. appear in the decomposition of H^. x^J, and H(^s,ai,x,s) supports 

an irreducible representation of Aq with H(^s^^.^Xi s) ^ ^iS',Ti,Xi s) if 7^ 8'- By Theorem 
4.5 of [15] and Prop. 4.29, for fixed 0"^, Aj^^, s = 1, ...,mi, 

IPP 



s 

By definition we have 
and so 





|F| 


2 


\Q*/Q\ 











i(wri= E 



IF. 



/ V IP I ' 

l<s<mi ' '^'''^''^l 



E c^(5,a„A,,,)2>^|g7g|. 

5,l<s<mj 
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Now sum over 1 <i < m and note that |r| = ^i<i<m ]r^- We have 
J2 d{5,a„\,,f>\r\'\Q*/Q\^i,^r 

5,l<i<k,l<s<mi 

where we have used Cor. 3.19 and Th. 2.4. It follows that all " >" above are " 
by Theorem 2.4, and we have proved the following theorem: 

Theorem 4.30. Hs^atXs f^^ ^ = 1; ...,m, Aj G {Q* /QY\ 1 < s < rrii as above give a 
complete list of irreducible representations of Aq, and these representations generate 
a unitary modular tensor category. 

Prom the proof and Prop. 4.29 we have also proved: 

Corollary 4.31. 

M^io. I \Q*/Q\ 
^ ''''^~\l\iQ*/Qn 
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